The purely electromagnetic analogue in flat space of Kerr's metric in general relativity is only rarely considered. Here we carry out in flat space a programme similar to Carter's investigation of metrics in general relativity in which the motion of a charged particle is separable. We concentrate on the separability of the motion (be it classical, relativistic or quantum) of a charged particle in electromagnetic fields that lie in planes through an axis of symmetry. In cylindrical polar coordinates tY RY fY z the four-vector potential takes the form FY Af Y where f Ã is the unit toroidal vector. The forms of the functions FRY z and ARY z are sought that allow separable motion. This occurs for relativistic motion only when AaRY F and A 2 2 F 2 are all of the separable form zl 2 hmal 2 m, where z and h are arbitrary functions, and l and m are spheroidal coordinates or degenerations thereof. The special forms of A and F that allow this are deduced. They include the Kerr metric analogue, with E 1 iB 27{qr 2 ia´r 2 ia 21a2 }X Rather more general electromagnetic fields allow separation when the motion is nonrelativistic.
in meridional planes and div B 0, we may write B curlAf 7AR Â 7f, where ARY zf is the vector potential. Notice that lines of constant AR are lines of force in each plane f constant and 7f R 21f . The Lagrangian for a particle of mass m and charge q moving non-relativistically in an electromagnetic field described by a vector potential A and an electric potential F is L 1 2 m_ r 2 1 q c _ r´A 2 qFX 1X1
In axial symmetry F and A f A are independent of f, so f is ignorable and p f La _ f is constant:
We convert to the Hamiltonian H p´_ r 2 L 2 and m r 1 2 r 2 2 2 X 2X5
Notice that in both cases l 2 m r 1 r 2 X 2X6
To cover both these cases generally, we write the separable form of the potential as F z 1 l 2 h 1 mal 2 m, but in each case l is a function of r 1 1 r 2 and m a function of r 1 2 r 2 , so by redefining z ,h we could write equally well F z*r 1 1 r 2 2 h*r 1 2 r 2 ar 1 r 2 ; 2X7 actually in the prolate case this form is slightly more general since, when r 1 2 r 2 is negative, on the lower sheet of the hyperboloid of constant r 1 2 r 2 it allows F to have a different value from that on the upper sheet of the same m. Such a difference is exploited in twocentre problems when the two charges are not equal. from which one may write down 7 2 in these coordinates. In the appendix we write the expression for 7 2 F. Parabolic coordinates may be treated formally as a special case of spheroidal coordinates. Indeed, if we write l 1 2 z 1 r and m 1 2 z 2 r then lm 2 1 4 R 2 , which agrees with our spheroidal formula with the formal value b 1 4 . Furthermore, l 2 m r and l 1 m z and the separable potentials in parabolic coordinates are of the standard spheroidal form. The alternative form corresponding to (2.7) is F z*r 1 z 2 h*r 2 zarX 2X9
The same formulae hold as for spheroidal coordinates, but the metric is now changed to We now return to general spheroidal coordinates. In Section 1 under (1.9) we showed that A/R, F and F 2 2 A 2 must all take the separable form. We may therefore write
We deduce that
but separability demands that this last expression must be of the form (z 2 2h 2 )/(l2m) so this must be imposed. When that is true F 3 a 1a2 1 l 21a2 so the net charge is a 1a2 1 and A is of order 1/r, giving magnetic fields that behave as r 22 at large r. For most applications we would want a dipolar (G r 23 ) behaviour of the magnetic field at large r, but we cannot get that from the above. We therefore turn to the special cases (2.17) and (2.18).
Taking (2.17) h c 1 1 c 2 am, but if we write z z 1 c 1 1 c 2 alY h 0 then 7(AR) deduced from z and h is the same as that deduced from z and h, so without loss of generality we can take h ; 0. Similarly, if h HH 1 0 cf. (2.17) we can without loss of generality take h 1 0. These give us
We then find that without loss of generality h 2 0 and F 2 2 A 2 is of the separable form z 2 al 2 m only if
which gives us the solution for arbitrary z 1 (l):
If in this solution we take z 1 3 ql 1a2 as l 3 1 then the net charge will be q, and furthermore A will be of order r 22 . Particular interest attaches to those fields that come from simple sources, and we show in the appendix that when z 1 ql 1 b 1a2 then F satisfies 7 2 F 0 everywhere except on the disc R # aY z 0, where b 2a 2 . To get a separable solution we need the solution (2.21) for A. This implies
Calculating 7AR Â 7F curl A B, we find after some work that
This of course implies that curl B 0. Thus the sources for the magnetic field also lie on the disc singularity of the coordinates R # aY z 0. This solution is indeed the classical version of Kerr's metric. It may be obtained from the charged Kerr±Newman solution by keeping the angular momentum per unit mass, a, fixed and the charge fixed, but letting the gravitational constant G tend to zero so the whole metric becomes flat space but the electromagnetic field remains. Indeed, the fields may be written
where we have written b 2a 2 and a a0Y 0Y 1. The final expression gives a beautifully simple way of deriving the field as follows: if E 27F and F qar then 7 2 qar 0Y
will obey divE 1 iB 0 away from singular points and cuts. It is easy to see that an appropriate cut to make the complex function analytic is on the disc r # aY z 0, and the singular points lie on the ring that bounds it. We shall explore these fields and the orbits in them elsewhere, but we now return to the separability problem (2.17). which can be formally included as a possibility in our`general' case by taking C 3 1 and z 1 and h 3 0. Turning to the possibility of (2.18), we see that these cases are equivalent to (2.17) under the transformation l 6 mY z 6 hY z 1 6 h 1 X This completes the investigation in spheroidal coordinates, with the results recorded in Table 1 (later). In prolate spheroidal coordinates the reality conditions on the square roots are very restrictive and cannot be met at the foci. Parabolic coordinates, being a limiting case of prolate spheroidals, suffer from the same problem, so in practice there are no useful prolate spheroidal or parabolic cases unless only a very restricted patch of the coordinates is needed.
S Y S T E M S T H AT A R E R E L AT I V I S T I C A L LY S E PA R A B L E I N S P H E R I C A L P O L A R C O O R D I N AT E S
In these coordinates the separable potentials take the form
To see this we remember that in Section 1 we saw how to deduce the integrals for the relativistic magnetic case from the non-relativistic non-magnetic case, so we need only consider the former, writing h r Â v,r rar:
So E, h f and I are the classical integrals of the motion, and as their mutual Poisson brackets vanish the system is separable and integrable by the theorem of Liouville (1855) [see also Whittaker (1904) 
From here on the analysis is somewhat similar to that carried out for the spheroidal case in Section 2. For those few who wish to check that we have covered every case, we give the analysis in the appendix. The results are tabulated in Table 2 (later).
Probably the most interesting of these electromagnetic fields are in the generalized monopole class in which 
, all bound orbits exactly close, giving planar ellipses in planes that do not lie through the origin. For general z 1 (r) the orbits lie on cones and precess around them (see Lynden-Bell & Nouri-Zonoz 1998) .
Some other fields of this class have occurred in science previously. The split monopole Qu Q sgncos u has been used to model pulsar winds, and occurs naturally when the upper half of a conducting sphere carrying a magnetic dipole in a perfectly conducting forcefree medium is twisted by p relative to its lower hemisphere. See Lynden-Bell & Boily (1994) , who also consider the case Qu Q sgnsin ua3 which occurs naturally when quadruples are twisted. Separable motion in such fields was considered by Hautot (1973) .
Again comparing (1.9) with (1.3), with F given by (3.1), we see that the third integral is
where h 3 is defined as in (1.12) and p is the Cartesian momentum mv1 2 v 2 ac 2 21a2 .
S Y S T E M S T H AT A R E R E L AT I V I S T I C A L LY S E PA R A B L E I N C Y L I N D R I C A L C O O R D I N AT E S
The separable form of the potential is simply zR 2 hz. We need A/R,F and F 2 2 A 2 all of that form. Evidently
Operating with 2 aRz we get
We show in the appendix that essentially only three cases survive: those with no h or h 1 with both z (R) and z 1 (R) arbitrary; those with z 1 and h zero with both z(R) and h 1 (z) arbitrary; and those with z zero, z 1 G R 2 and h 2 G h 1 z. These are tabulated in the second half of Table 2 (later). In these cases the third integral takes the form
C L A S S I C A L LY S U P E R -S E PA R A B L E E L E C T R O M AG N E T I C F I E L D S
In spherical polars we need A/R, F and so we have a straight magnetic field dependent on R. We can combine this with z 1 and h 1 arbitrary in the electrical potential F z 1 R 2 h 1 z. Among these magnetic fields is the important case z 1 2 B 0 constant, which gives a uniform field B 0 along the z-axis. We do not give further details.
Others

C L A S S I C A L LY S E PA R A B L E E L E C T R O M AG N E T I C P O T E N T I A L S
The only requirements are that
should both be of separable form zl 2 hmal 2 m. For a single charge/mass ratio this is easy to arrange. We choose z and h arbitrarily. Then we know A. We then take F of the form
where z 1 and h 1 (m) are arbitrary. This clearly gives F 1 of separable form. As a simple example illustrating how this is done, consider the uniform field A 1 2 B 0 R. Then the motion in the potential
will be separable. This may seem an odd result until one remembers Larmor's theorem. Larmor showed that, to first order in B 0 , the effect of a uniform magnetic field could be eliminated by looking at the problem in axes that rotate at the rate V qB 0 a2mc, although the cancellation is not exact because the OB 2 0 centrifugal force is not cancelled. However, the extra electrical potential that we have included in (6.1) is precisely that which is needed to cancel the effect of the centrifugal force in Larmor's rotating axes. Thus by going to those axes we shall now recover exactly the motion we would have had without Coriolis force, without magnetic field, without the extra bit in the potential and without centrifugal force. Thus if the potential is doctored by this extra piece, Larmor's theorem becomes exact.
TA B L E S O F C A R T E R S E PA R A B L E E L E C T R O M AG N E T I C F I E L D S
Whereas former sections explain the theory behind the separability, the aim of this section is to provide the reader with a quick and accessible list of the fields in which the motion of a charged particle separates. If a reader finds a listed electromagnetic field of interest, our aim here is to provide an outline of how the classical, relativistic or quantum motions of the particle may be found. So that the relevant formulae are easily found beside the tables a number of them are recalled in the table notes and below. Table 1 gives the axially symmetrical electromagnetic fields that lie in planes through the axis of symmetry (with B ± 0) for which both the relativistic Hamilton±Jacobi equation (1.9) and the Klein±Gordon equation (1.13) separate in spheroidal coordinates (l, m, f). If R 2 x 2 1 y 2 these coordinates are defined as the roots l and m # l for t of the equation
where b is a constant that gives the semi-distance between foci of the spheroids. where we have written S S l l 1 S m m 1 p f f. Since the left-hand side is a function of l only and the right-hand side a function of m, both must be constant and one derives expressions for S l and S m as quadratures. A very similar separation occurs for the Klein±Gordon equation (1.13) in which c separates in the product form c c l lc m m e im*f to give
so the solution reduces to ordinary differential equations. Table 2 gives the potentials in which relativistic motion separates in spherical polar or cylindrical polar coordinates, assuming that the fields are axially symmetric and poloidal. Under those same restrictions, Table 3 lists the potentials in which classical non-relativistic motion separates exactly.
The formulae for Table 2 are as follows.
Definitions: 
